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a b s t r a c t
A graph G is said to be d-distinguishable if there is a labeling c : V (G)→ {1, 2, . . . , d} such
that no automorphism of G other than the identity map preserves the labels of vertices
given by c . The smallest d for which G is d-distinguishable is called the distinguishing
number of G. We shall prove that every 4-representative triangulation on a closed
surface, except the sphere, is 2-distinguishable after establishing a general theorem on the
distinguishability of polyhedral graphs faithfully embedded on closed surfaces, and show
that there is an upper bound for the distinguishing number of triangulations on a given
closed surface, applying the re-embedding theory of triangulations.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). Its automorphism group Aut(G) can be considered to
measure the level of symmetry of G. In this paper, we shall consider how to break such symmetry by assigning labels to
vertices, as follows, focusing on graphs embedded on closed surfaces in particular.
Given an assignment c : V (G) → {1, 2, . . . , d} of labels to its vertices, we define Aut(G, c) as the subgroup of Aut(G)
consisting of those automorphisms σ : G → G that preserve the labels given by c , that is, c(σ (v)) = c(v) for all v ∈ V (G).
The labeling c is called a (d-)distinguishing labeling if Aut(G, c) consists only of the identity map idG, and G is said to be
d-distinguishable if it admits such a d-distinguishing labeling c.
It is clear that any labeling that assigns all distinct labels to the vertices of G is a distinguishing labeling. Thus, there is a
natural number d such that G is d-distinguishable. We call the minimum value of such numbers the distinguishing number
of G and denote it by D(G). For example, D(Kn) = n for the complete graph Kn with n vertices and D(Kn,n,n) = n + 1 for
the complete tripartite graph Kn,n,n with three parts of size n ≥ 2. For more information on the distinguishing number of
graphs, see [2,4,17].
Although the distinguishing number has been defined for abstract graphs, it has been studied from the perspective of
embeddings. For example, Tucker [21] has defined the distinguishing number D(M) of maps, restricting automorphisms to
map-automorphisms, that is, the ones that preserve faces. He has proved that every polyhedral map on a closed surface
is 4-distinguishable and that almost all polyhedral maps on a closed surface are 2-distinguishable. It is obvious that
D(MG) ≤ D(G), where MG stands for any map with a fixed embedding of G on a closed surface. However, we would like
to discuss here the distinguishing number of an ‘‘abstract graph’’ which can be embedded on a closed surface, but not of a
map.
For example, Fukuda et al. [6] have proved recently that 3-connected planar graphs are 2-distinguishable, as abstract
graphs, with few exceptions. We denote the wheels with rim of length n by Wn and the n-cube by Qn. Define SkH to be the
graph obtained from H by adding an independent set of k extra vertices and by joining them to all the vertices of H and
call it the suspension of H with k vertices. That is, SkH is isomorphic to H + Kk, where G stands for the complement of G. In
particular, S1Cn is isomorphic toWn while S2Cn is often called a double wheel.
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Theorem 1 (Fukuda et al. [6]). Every 3-connected planar graph is 2-distinguishable, except K4, K2,2,2,W4,W5, S2C3, S2C5 and
Q3.
As is well-known and is shown in [23], every 3-connected planar graph is uniquely embeddable on the sphere and any
automorphism of it extends to an auto-homeomorphism over the sphere, which is a map-automorphism. This implies that
D(MG) = D(G) for any 3-connected planar graph G embedded on the sphere. Thus, the above theorem can be regarded as a
corollary of Tucker’s general result for maps, but its proof in [6] is very elementary.
We would like to establish similar theorems for graphs embeddable on other surfaces. That is, we would like to:
• Find a good class of graphs embedded on a closed surface such that they are 2-distinguishable with very few exceptions.
For example, if we assume that graphs have sufficiently large representativity, then our possible result will be included in
Tucker’s general result since any automorphism of such a graph extends to a map-automorphism. (See [16].)
On the other hand, for each closed surface F 2 except the sphere and the projective plane, there are infinitely many
4-connected graphs G embedded on F 2 with D(G) ≥ 2g , where g stands for the genus of F 2 if F 2 is orientable and is equal
to ⌊1− χ(F 2)/2⌋ in general. (Such examples can be found in [6].) So we ask naturally the following question:
• Is there an upper bound for the distinguishing number of graphs embedded on a fixed closed surface?
The answer is ‘‘No’’ in general. There are infinitely many 2-connected graphs G embedded on each closed surface with
D(G) ≥ n for any natural number n ≥ 2. (See [6].) In this situation, we need to restrict a class of graphs in order to establish
a positive result. We shall therefore focus on ‘‘triangulations’’ on closed surfaces.
A triangulation on a closed surface is a simple graphG embedded on the surface in such away that each face is bounded by
a cycle of length 3 and that any two faces share at most one edge. (The latter is necessary only to exclude K3 on the sphere.)
In particular, a maximal planar graph with at least four vertices embedded on the sphere can be regarded as a triangulation
on the sphere. For example, K4, K2,2,2 ∼= S2C4 and S2Cn for n ≥ 3 can be embedded on the sphere as the tetrahedron, the
octahedron and the double pyramidwith n-gonal base. Two triangulationsG1 andG2 are said to be isomorphic to each other if
there is an isomorphism σ : G1 → G2 that induces a bijection between their faces, that is, it extends to a homeomorphism of
the supporting surfaces. We shall, however, often refer to them with their isomorphism types as abstract graphs, assuming
their embeddings on the surfaces implicitly, say K7 on the torus.
In this paper,we shall answer the above questions in the affirmative in the casewhen embedded graphs are triangulations
on closed surfaces. As an answer to the first, we shall prove the following theorem in Section 6, after discussing ‘‘faithful
embeddings’’. In general, a graph G embedded on a closed surface F 2, except the sphere, is said to be r-representative on F 2
if any non-contractible simple closed curve on F 2 meets G in at least r points. In other words, any simple closed curve on F 2
meeting G in less than r points must bound a 2-cell region on F 2 if G is r-representative. In particular, a triangulation G is
4-representative on F 2 if and only if G has no non-contractible cycle of length 3.
Theorem 2. Every 4-representative triangulation on a closed surface, except the sphere, is 2-distinguishable.
If one would like to know only our proof of this theorem, it suffices to see Sections 3, 4 and 7. However, we shall
spend many pages through Sections 1–6 to discuss faithfulness of embeddings of polyhedral graphs under some general
and slightly technical formulation since it is a more essential property to bound their distinguishing numbers. Recall that a
graphG is said to be faithfully embedded on a closed surface F 2 if any automorphism ofG extends to an auto-homeomorphism
over F 2.
To answer our second question, we shall determine an upper bound on the distinguishing number of triangulations on
a closed surface in Section 10, applying our arguments on faithfully embedded polyhedral graphs in Sections 1–6 and the
re-embedding theory on triangulations developed in [10]. The latter will be reviewed briefly in Section 9.
Theorem 3. Given a closed surface F 2, there exists a natural number N = N(F 2) such that D(G) ≤ N for every triangulation G
on F 2.
Let D△(F 2) be the maximum of D(G) taken over all triangulations G on a closed surface F 2, that is, the minimum value of
those numbers N in the theorem, and call it the distinguishing number of F 2 (with respect to triangulations) here. According
to our theory discussed in Section 10 with some known facts, we can decide the following values of D△(F 2) for the sphere
S2, the projective plane P2 and the torus T 2:
D△(S2) = 4, D△(P2) = 6, D△(T 2) = 7.
This will motivate us to conjecture that D(G) ≤ H(F 2) for each triangulation G on F 2, where H(F 2) =

7+
√
49−24χ(F2)
2

stands for what is called the Heawood number of F 2, which is basically equal to the maximum order of complete graphs
that can be embedded on F 2. Here, χ(F 2) denotes the Euler characteristic of a closed surface F 2 and the Euler genus r(F 2)
of F 2 is defined by r(F 2) = 2 − χ(F 2). It is twice the genus of F 2 if F 2 is orientable and is equal to the genus of F 2 if F 2 is
nonorientable.
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1. Faithfully embedded polyhedral graphs
Let G be a graph embedded on a closed surface F 2. Then G is said to be faithfully embedded on F 2 if any automorphism of
G extends to an auto-homeomorphism over F 2. Faithfulness of embeddings has been introduced by the author in [11] and
has been discussed for triangulations together with the uniqueness of embeddings in a series of papers [11–14]. To show
how well faithfulness of embedding works, we shall establish a general theorem under a certain technical formulation.
Let G be a graph and let Γ be a subgroup in the automorphism group Aut(G) of G. Then we can define the distinguishing
number D(G,Γ ) of a pair (G,Γ ) in the same way as for an abstract graph G, restricting the automorphisms to the ones in Γ .
That is, a pair (G,Γ ) (or G) is said to be d-distinguishable (with respect to Γ ) if there is a vertex-labeling c : V (G) →
{1, 2, . . . , d} such that any automorphism in Γ except the identity map does not preserve the labels given by c. The
distinguishing number D(G,Γ ) is the minimum number d such that (G,Γ ) is d-distinguishable. It is clear that if Γ ⊂ Γ ′
for two subgroups Γ and Γ ′ in Aut(G), then D(G,Γ ) ≤ D(G,Γ ′). We have D(G) = D(G,Aut(G)) in particular.
On the other hand, suppose that G is embedded on a closed surface F 2. The pair (G,Γ ) is said to be faithfully embedded
on F 2 if any automorphism in Γ extends to an auto-homeomorphism over F 2. In particular, a graph G itself is faithfully
embedded on F 2 if and only if so is (G,Aut(G)). Of course, there are graphs that cannot be faithfully embedded on any closed
surface.
Lemma 4. Let G be a graph embedded on a closed surface F 2 and let v be a vertex of degree at least 4 with four consecutive
vertices w0, w1, w2, w3 in the rotation around v. If there is an automorphism σ of G which exchanges w1 and w2, fixing v,w0
andw3, then G is not faithfully embedded on F 2.
Proof. By the assumption on the rotation around v,w0vw1 forms a corner of a face incident to v while σ(w0)σ (v)σ (w1) =
w0vw2 does not. Therefore, σ cannot extends to any auto-homeomorphism over F 2 and hence G is not faithfully embedded
on F 2. 
Lemma 5. The complete graph Kn (n ≥ 5), the complete bipartite graph Kn,m (n ≥ 1,m ≥ 4), the suspension SkH (k ≥ 3) with
a graph H having at least one edge and Kn × K2 (n ≥ 5) cannot be faithfully embedded on any closed surface.
Proof. Suppose that the graphs listed in the lemma are embedded on suitable closed surfaces arbitrarily. Each of them has
a vertex of degree at least 4. We can take it as v in Lemma 4 and find easily an automorphism σ in each case. 
To state our first goal, we need more definitions concerning some properties of graphs embedded on closed surfaces. Let
G be a 3-connected graph embedded on F 2. If each face of G is a 2-cell bounded by a cycle and if the intersection of any two
faces is either empty, a single vertex or a single edge with its ends, then G is said to be polyhedral (on F 2). When F 2 is not the
sphere, G is polyhedral if and only if G is 3-connected and 3-representative. A 3-connected graph embedded on the sphere
becomes necessarily polyhedral.
Every triangulation on any closed surface also is polyhedral while a‘‘quadrangulation’’ is not polyhedral in general,
although this depends on the definition. In this paper, we define a quadrangulation on a closed surface just as a simple
graph embedded on the surface in such a way that each face is bounded by a cycle of length 4.
We say that G is vertex-transitive with respect to Γ if there is an automorphism σ ∈ Γ with σ(v) = v′ for any two
vertices v, v′ ∈ V (G). Similarly, G is said to be edge-transitive with respect to Γ if there is an automorphism σ ∈ Γ with
σ(e) = e′ for any two edges e, e′ ∈ E(G).
The following theorem specifies those exceptional graphs that are faithfully embedded but are not 2-distinguishable.We
shall spend a few sections to prove it. The proof will be given in Section 6.
Theorem 6. Let G be a polyhedral graph embedded on a closed surface F 2 and let Γ be a subgroup inAut(G). If (G,Γ ) is faithfully
embedded on F 2, then either (G,Γ ) is 2-distinguishable, or G is isomorphic to one of the following:
(i) K7 and K3,3,3 on the torus and Kn with n ≥ 8 embedded on closed surfaces as triangulations which are vertex-transitive and
edge-transitive with respect to Γ .
(ii) C3×C3 and K6 × K2; they are embedded on the torus and on the nonorientable closed surface of genus 5 as quadrangulations
so as to be vertex-transitive and edge-transitive with respect to Γ .
(iii) K4, S2C3, S2C4, S2C5, S3K4 and K6; they are embedded on closed surfaces as triangulations.
(iv) W4,W5 and Q3; they are embedded on the sphere as polygonal pyramids and the cube.
Note that the graphs listed in (i)–(iv) may not be actual exceptions, depending on Γ . For example, if Γ is a cyclic group
of order 2 or more, then all of them are 2-distinguishable with respect to Γ . Indeed, choose one vertex from each orbit of
the action over V (G) by Γ and assign ‘‘1’’ to it and ‘‘2’’ to the remaining vertices. This will be a 2-distinguishing labeling of
(G,Γ ) in this case.
If we take Γ as the subgroup in Aut(G) consisting of only map-automorphisms, then this theorem will work as a
fundamental part of a proof of Tucker’s theorem on maps. Also, we can give a proof of Theorem 1, as an easy application of
Theorem 6.
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Proof of Theorem 1. Let G be a 3-connected planar graph embedded on the sphere and set Γ = Aut(G). Then (G,Γ ) is
faithfully embedded on the sphere by the fact mentioned after the statement of Theorem 1 and we can apply Theorem 6 to
this case. Thus, it suffices to exclude the nonplanar ones from the graphs listed in Theorem 6. 
On our way of collecting arguments toward a proof of Theorem 6, we shall tacitly use the following fact a number of
times.
Lemma 7. Let G be a polyhedral graph on a closed surface F 2 and let Γ be a subgroup in Aut(G) such that (G,Γ ) is faithfully
embedded on F 2. If an automorphism σ ∈ Γ fixes the boundary cycle of a face pointwise, then σ must be the identity map.
Proof. Let F be the set of faces such that σ fixes their boundary cycles and suppose that F ≠ ∅. If there exist faces not
belonging to F , then we can choose one such face in such a way that its boundary cycle C meets the boundary cycle of a
face in F along an edge e, say C ′ ∈ F , since G is connected. Since (G,Γ ) is faithfully embedded on F 2, σ (C) must be the
boundary cycle of a face. However, there are exactly two faces sharing e and σ(C ′) = C ′. This implies that σ(C) = C and σ
fixes all vertices along C . This is contrary to the definition of F . Therefore, F must contain all faces and σ fixes all vertices.
That is, σ is the identity map over G. 
2. Restricting face sizes
In this section, we shall show that a polyhedral graph is 2-distinguishable if it has a face of large size. It is easy to see that
a pair (G,Γ ) of a graph G and a subgroup Γ in Aut(G) is 2-distinguishable if and only if there is a subset S ⊂ V (G) such
that σ(S) ≠ S for any automorphism σ ∈ Γ − {idG}. So, we shall discuss below whether an automorphism σ ∈ Γ with
σ(S) = S becomes the identity map for a suitable choice of a subset S ⊂ V (G), to show that (G,Γ ) is 2-distinguishable.
Throughout this section,we always suppose thatG is a polyhedral graph on a closed surface F 2 and that (G,Γ ) is faithfully
embedded on F 2 for a subgroupΓ in Aut(G), unless stated otherwise, and usually useσ : G → G to denote an automorphism
of G in Γ and h : F 2 → F 2 to denote its extension, which is an auto-homeomorphism over F 2 with h|G = σ .
A pair {x, y} of vertices in a graph embedded on a closed surface is said to be bad if there are two distinct faces A and B
whose boundary cycles contain both x and y and which do not share the edge xy. We should understand that the second
condition automatically holds if G does not have the edge xy. It is easy to see that any polyhedral graph has no bad pair. If
the boundary cycle of a face had a chord xy, then {x, y}would be a bad pair.
Lemma 8. If a polyhedral graph G has a face of size at least 6, then (G,Γ ) is 2-distinguishable.
Proof. Let A be a face of size d ≥ 6 with boundary cycle C = u0u1 · · · ud−1. Put S = {u0, u1, u3} and let σ : G → G be any
automorphism of G belonging to Γ with σ(S) = S. Then σ extends to an auto-homeomorphism h : F 2 → F 2 since (G,Γ ) is
faithfully embedded on F 2. If h(A) ≠ A, then the boundary cycle of h(A) contains S and {u0, u3}would be a bad pair, contrary
to G being polyhedral. Thus, we have h(A) = A. This implies that σ fixes C since S blocks symmetry of C , and hence it must
be the identity map by Lemma 7. 
Lemma 9. If a polyhedral graph G has a face of size 5, then either (G,Γ ) is 2-distinguishable, or G is isomorphic to the pentagonal
pyramid W5.
Proof. Suppose that (G,Γ ) is not 2-distinguishable. By Lemma 8, we may assume that every face of G is bounded by a
cycle of length at most 5. Let A be a face of G bounded by a cycle u0u1u2u3u4 and let B be another face sharing u2u3 with A.
Let u2u3w1 · · ·ws be the boundary cycle of B with s ≤ 3. Since G is polyhedral, u0, . . . , u4, w1, . . . , ws are all distinct. Put
S = {u1, u2, u3, u4, w1} and let σ : G → G be any automorphism of G in Γ with σ(S) = S, which is not the identity map.
Let h : F 2 → F 2 be its extension.
Suppose that h(A) ≠ A. Since the boundary cycle of h(A) contains exactly four vertices belonging to S, it contains at least
three of u1, u2, u3 and u4. This implies that it contains at least one of {u1, u3} or {u2, u4}, which would be a bad pair, contrary
to G being polyhedral. Thus wemay assume that h(A) = A and h flips the face A, fixing u0 and themiddle point of u2u3. Then
we have σ(w1) = ws. Sincews must belong to S, it must be identical withw1 and hence B is a triangular face with s = 1.
By symmetry, we may assume that all faces sharing one edge with A are triangular. Let Bi be each of those faces meeting
A along uiui+1 for i = 0, . . . , 4 taken modulo 5 and uiui+1xi its boundary cycle. Put Si = {ui+1, ui+2, ui+3, ui+4, xi+1}. Let σi
be any automorphism of G in Γ with σi(Si) = Si and let hi be its extension. By the same argument as in the previous case,
we may assume that hi(A) = A. Then σi(xi+1) = xi+3. Since xi+3 must belong to S, we have xi+3 = xi+1 for all i = 0, . . . , 4.
Therefore, all x0, . . . , x4 are the same vertex and Gmust be isomorphic toW5 embedded on the sphere. 
Lemma 10. If a polyhedral graph G has both faces of size 3 and 4, then either (G,Γ ) is 2-distinguishable, or G is isomorphic to
the square pyramid W4.
Proof. By Lemmas 8 and 9, we may assume that (G,Γ ) is not 2-distinguishable and that every face of G is bounded by a
cycle of length 3 or 4. Note thatW5 has no face of size 4. Then we can find a pair of a quadrilateral face and a triangular face
sharing one edge.
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Let A be a quadrilateral face with boundary cycle u0u1u2u3 and let B0 be a triangular face with boundary cycle u0u1w0.
Put S = {u0, u1, u2}. Let σ : G → G be any automorphism of G in Γ with σ(S) = S, which is not the identity map, and let h
be its extension. If h(A) ≠ A, then {u0, u2}would be a bad pair, contrary to G being polyhedral. Thus, h(A) = A and hence h
flips the face A, fixing u1 and u3. In this case, h(B0)must be a triangular face, say B1, sharing u1u2 with A.
Repeating the same arguments as above, we can conclude that each edge uiui+1 is incident to a triangular face Bi for
i = 0, 1, 2, 3. Let uiui+1wi be its boundary cycle. Put Si = {ui, ui+1, ui+2, wi}. Let σi be any automorphism of G in Γ with
σi(Si) = Si and let hi be its extension. First suppose that hi(A) ≠ A. Since Bi and Bi+1 meet A along uiui+1 and ui+1ui+2
respectively, hi(A) share neither uiui+1 nor ui+1ui+2 with A. The boundary cycle of hi(A)must, however, contain at least two
vertices belonging to {ui, ui+1, ui+2}. In this case, a pair of such vertices would be a bad pair, a contradiction.
Thus, hi(A) = A and hi flips the face A, fixing ui+1 and ui+3, as well as in the previous case. This implies that σi(wi) =
wi+1 ∈ Si and that wi = wi+1 for each i = 0, 1, 2, 3. Therefore, all w0, w1, w2 and w3 are the same vertex and G must be
isomorphic toW4 embedded on the sphere. 
3. Triangulations
By our arguments in the previous section, we have known that if (G,Γ ) is not 2-distinguishable, then G has either only
triangular faces or only quadrilateral faces, with few exceptions. We shall discuss the former case here. That is, a graph G
is assumed to be embedded on a closed surface F 2 as a triangulation. Then there is a unique cycle v0v1 · · · vd−1 around any
vertex v of G in such a way that vvivi+1 bounds a face incident to v, with indices taken modulo d. We call such a cycle the
link of v and denote it by lk(v).
First, we shall prepare some technical notions to analyze the distinguishability of vertices in a graph. Let G be a graph and
let Γ be a subgroup in Aut(G) in general. Two vertices u and v are said to be equivalent to each other with respect to Γ if
there is an automorphism σ ∈ Γ such that σ(u) = v. Clearly, this defines an equivalence relation over V (G) and hence V (G)
decomposes into several equivalence classes. Each of such equivalence classes is often called an orbit of the group action
over V (G) by Γ and can be given as Γ v = {σ(v) : σ ∈ Γ } for some vertex v ∈ V (G).
We may say that we cannot distinguish u and v, up to Γ , when they belong to the same orbit. In this case, they have the
same attribution in a graph-theoretical sense. Conversely, if they have different attributions, then we can distinguish them.
This motivates us to define the following notion. An assignment a : V (G)→ {0, 1, 2, . . .} of numbers to vertices is called an
attribution assignment (with respect toΓ ) if any automorphism σ ∈ Γ preserves it. That is, a(σ (v)) = a(v) for any v ∈ V (G)
and a assigns one value to each orbit. For example, the assignment a : V (G)→ {0, 1, 2, . . .} defined by a(v) = deg(v) is an
attribution assignment. However, an attribution assignment in our arguments belowwill work just as a labeling of orbits to
distinguish them.
Lemma 11. Let G be a triangulation on a closed surface F 2 with an attribution assignment a : V (G)→ {0, 1, 2, . . .}. If (G,Γ )
is faithfully embedded on F 2 and if it is not 2-distinguishable, then there is an independent set U of vertices, possibly empty, for
some constant a0 such that a(v) = a0 for every v ∈ V (G)− U.
Proof. First suppose that there is a face uvw such that its three corners u, v and w have all distinct attributions: a(u) ≠
a(v) ≠ a(w) ≠ a(u). Put S = {u, v, w} and let σ be any automorphism in Γ with σ(S) = S. Then σ fixes the face uvw and
hence it would be the identity map. This is contrary to G not being 2-distinguishable. Thus we may assume that each face
has at most two attributions at its corners.
Let H be the subgraph in the dual G∗ of G induced by the edges whose dual edges have different attributions at their
ends. Then H consists of disjoint cycles and they separate the surface into some regions each of which contains only one
attribution if a takes at least two values. Take one of those regions with attribution a0, say R and let ℓ be a cycle in H which
separates R and one of the other regions. We may assume that there is a face u0u1v such that R contains u0 and u1 and that
ℓ crosses the edges u0v and u1v. Then we have a(u0) = a(u1) = a0 and a(v) is another attribution different from a0.
Let u0u1u2 · · · ud−1 be the link around v. Suppose that a(u2) = a(v) and put S = {u1, v}. Then any automorphism σ
in Γ with σ(S) = S fixes each of u1 and v, and cannot swap the two faces u0u1v and u2u1v. That is, σ fixes each of these
faces. This implies that σ would be the identity map, a contradiction. Therefore, we have a(u0) = a(u1) = a(u2) = a0 and
R contains {u0, u1, u2}.
Repeating this argument, we can conclude that a(ui) = a0 for all i = 0, 1, 2, . . . , d−1 and hence the region bounded by ℓ
other than R contains only one vertex v. Therefore, the whole surface can be obtained from R by capping off each component
of its boundary with a disk. The region R covers all vertices with the attribution a0 assigned and each disk contains only one
vertex. Let U be the set of vertices lying inside these disks. Then U is an independent set as we want. 
Lemma 12. Let G be a triangulation on a closed surface F 2 and let Γ be a subgroup in Aut(G). If (G,Γ ) is faithfully
embedded on F 2 and is not 2-distinguishable, then either G is vertex-transitive with respect to Γ or is isomorphic to one of
K4, S2C3, S2C4, S2C5, S3K4 and K6.
Proof. Suppose that (G,Γ ) is faithfully embedded on F 2 and is not 2-distinguishable. Decompose V (G) into the orbits
U0,U1, . . . ,Us of the group action over V (G) byΓ . That is, two vertices u and v of G belong to a common subsetUi if and only
if there exists an automorphism σ : G → G in Γ with σ(u) = v. Define an attribution assignment a : V (G)→ {0, 1, . . . , s}
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by a(v) = i for v ∈ Ui. By Lemma 11, we may assume that U = U1 ∪ · · · ∪ Us is an independent set. If U = ∅, then G is
vertex-transitive with respect to Γ since V (G) = U0 in this case. Thus, wemay assume that U ≠ ∅. Since (G,Γ ) is faithfully
embedded on F 2, any automorphism σ of G in Γ extends to an auto-homeomorphism h over F 2.
Claim 1. Any vertex in U has degree at most 5.
Suppose that a vertex v ∈ U has degree at least 6 and let C = u0u1 · · · ud−1 be the link around v with d ≥ 6. Put
S = {v, u0, u1, u3} and let σ be any automorphism of G in Γ with σ(S) = S. Since v ∈ U and S − {v} ⊂ U0, we have
σ(v) = v and σ(C) = C . Since {u0, u1, u3} is not invariant with respect to symmetry over C , this implies that σ would be
the identity map, which is contrary to (G,Γ ) not being 2-distinguishable. Therefore, v must have degree at most 5. 
Claim 2. Let v be any vertex in U and u any neighbor of v. Then any vertex x in U − {v} is adjacent to u.
Put S = {u, v}. Let σ be any automorphism of G in Γ with σ(S) = S, which is not the identity map, and let h be its
extension. Then hmust swap the two faces sharing uv, fixing each of u and v since u ∈ U0 and v ∉ U0. Put S ′ = {u, v, x} and
letσ ′ be any automorphismofG inΓ withσ ′(S ′) = S ′, which is not the identitymap. Thenσ ′(u) = u andσ ′({v, x}) = {v, x}.
If σ ′ swaps v and x, then x = σ ′(v)must be adjacent to u, as wewant, since v is adjacent to u. Otherwise, we have σ ′(v) = v
and σ ′(x) = x. This implies that the extension of σ ′ swaps the two faces sharing uv fixing u and v and hence σ ′ coincides
with σ . Therefore, we have σ(x) = x.
Since σ is not the identity map, there is at least two neighborsw1, w2, . . . of xwith σ(wi) ≠ wi. Put S ′ = {u, v, w1} and
let σ ′ be any automorphism of G in Γ with σ ′(S ′) = S ′. Since w1 ∈ U0, we have σ ′(v) = v and σ ′({u, w1}) = {u, w1}. If
w1 does not lie on the link of v, then we must have σ ′(u) = u and σ ′(w1) = w1. This implies that σ ′ = σ again, which is
contrary to our assumption that σ(w1) ≠ w1. Thus, w1 lies on the link of v as its neighbor. If u = w1, then x is adjacent to
u = w1. So we may assume that u ≠ w1.
Let N(z) denote the set of neighbors of a vertex z in general. Put S ′′ = {u, v, w1, x} and let σ ′′ be any automorphism
of G in Γ with σ ′′(S ′′) = S ′′. If x is not adjacent to u, then 1 = |N(x) ∩ S ′′| < |N(v) ∩ S ′′| = 2 and hence σ ′′ cannot
swap v and x. That is, we have σ ′′(v) = v and σ ′′(x) = x. If σ ′′(u) = u, then σ ′′ would coincide with σ as well as in the
previous case, and we would have σ(w1) = σ ′′(w1) = w1, a contradiction. So σ ′′ swaps u and w1. Therefore, we have
σ ′′(xw1) = σ ′′(x)σ ′′(w1) = xu and hence x is adjacent to u. 
Let x be any vertex in U and let w be one of its neighbors, which belongs to U0 ∩ N(x). Choose any other vertex u in U0.
Then there is an automorphism σ in Γ with σ(w) = u since both u and w belong to U0. If σ(x) = x, then there is an edge
σ(xw) = xu and hence x is adjacent to u. Otherwise, put v = σ(x). Then u is a neighbor of v and x is adjacent to u by Claim 2.
Therefore u belongs to N(x) in both cases and we have N(x) = U0 for any vertex x in the independent set U . This implies
that G is isomorphic to SkH with k = |U|, where H stands for the subgraph in G induced by U0.
By Claim 1, we have |V (H)| = |N(x)| ≤ 5. Since V (H) = U0, the subgraph H itself is vertex-transitive with respect to
Γ and hence it must be r-regular for some r ≤ |V (H)| − 1 ≤ 4. Since V (H) forms the link around each vertex x ∈ U , each
vertex of H has degree at least 2 in H and hence r ≥ 2. This forces H to be one of C3, C4, C5, K4 and K5. Furthermore, H must
be embedded on the surface in such a way that each non-triangular face contains one vertex x ∈ U . Consider one of the
vertices in H , say u. Then the number of faces of H incident to u is equal to degH u and exactly k of those faces are divided
by edges joining u and k vertices in U . Thus, we have k ≤ r .
If k = 1, then we have S1C3 ∼= K4, S1C4 ∼= W4, S1C5 ∼= W5, S1K4 ∼= K5 and S1K5 ∼= K6. The second and the third should be
excluded since any cycle of length at least 4 cannot be embedded on a closed surface in such a way that it has only one non-
triangular face. Also, K5 should be excluded since it cannot be embedded on any closed surface as a triangulation. Thus, only
K4 and K6 survive in this case. The remaining candidates for G are S2C3, S2C4, S2C5, SkK4 (k = 2, 3) and SkK5 (k = 2, 3, 4).
However, only S3K4 and S4K5 survive among the last two groups since the number of edges in any triangulation must be a
multiple of 3.
We must omit S4K5 to complete the list of exceptions. If S4K5 were embedded on a closed surface, then the subgraph
corresponding to K5 would be embedded there with four pentagonal faces each of which contains a vertex of degree 5. Thus,
it suffices to show that K5 cannot be embedded on any closed surface in such a way that each face is bounded by a cycle of
length 5. Such an embedding of K5 necessarily has four faces since K5 has ten edges.
Let v1, . . . , v5 be the five vertices of K5 and suppose that K5 is embedded on a closed surface with four pentagonal faces.
Let A1, A2, A3 and A4 be the four faces and suppose that they lie around v1 clockwise in this cyclic order.Wemay assume that
A1 is bounded by a cycle v1v2v3v4v5. There are two possibilities on the rotation around v1, v2v5v3v4 or v2v5v4v3. In the first
case, we find that the boundary cycles of the faces A2 and A4 are v1v5v2v4v3 and v1v4v3v5v2, respectively, paying attention
to the rotations around v5 and v2 lying on the face A1; the same vertex does not appear twice in the rotation around any
vertex. However, the edge v2v5 would appear along the boundary cycles of three faces A2, A3 and A4, a contradiction.
In the second case, we find that A3 is bounded by v1v4v2v5v3 since the boundary cycles of two faces A1 and A2 contains
the edge v2v3. This implies that the boundary cycles of A2 and A4 are v1v5v2v3v4 and v1v3v4v5v2, respectively. However, the
edge v3v4 would appear along the boundary cycles of three faces A1, A2 and A4 in turn, a contradiction. Thus, K5 cannot be
embedded on any closed surface with four pentagonal faces and hence S4K5 cannot be embedded on any closed surface as
a triangulation. 
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Fig. 1. Contraction of an edge in a triangulation.
Note that if Γ = Aut(G), then we can omit K4, S2C4, S3K4 and K6 from Lemma 12. For, K4 and S2C4 = K2,2,2 are vertex-
transitivewith respect to their automorphism groupswhile S3K4 and K6 cannot be faithfully embedded on any closed surface
by Lemma 5. Conversely, it is easy to find Γ for each of the six exceptional graphs in the lemma in such a way that it is
faithfully embedded and is not 2-distinguishable with respect to Γ .
Now we consider an attribution assignment to edges as well as we did for vertices. That is, an attribution assignment
a : E(G)→ {0, 1, 2, . . .} of a graph Gwith respect to a subgroup Γ < Aut(G) is one such that a(σ (e)) = a(e) for each edge
e ∈ E(G) and any automorphismσ ∈ Γ . Herewe do not take account of the directions of edges and henceσ(uv) = xymeans
that {σ(u), σ (v)} = {x, y} as sets. Two edges e and e′ are said to be equivalent with respect to Γ if there is an automorphism
σ ∈ Γ with σ(e) = e′.
Lemma 13. Let G be a triangulation on a closed surface F 2 with minimum degree at least 6 and let Γ be a subgroup in Aut(G).
If (G,Γ ) is faithfully embedded on F 2 and is not 2-distinguishable, then G is edge-transitive with respect to Γ .
Proof. Assume that (G,Γ ) is faithfully embedded on F 2 and is not 2-distinguishable. Decompose E(G) into the orbits
E0, E1, E2, . . . of the group action over E(G) by Γ and define an attribution assignment a : E(G) → {0, 1, 2, . . .} in such
a way that e ∈ Ea(e) for each edge e ∈ E(G). That is, if a(e) = a(e′), then there is an automorphism σ ∈ Γ with σ(e) = e′.
First suppose that there is a face vuw with three edges having all different attributions, say a(uv) = a0, a(vw) = a1 and
a(wu) = a2. Put S = {u, v, w}. Since there is no face other than uvw all of whose corners belong to S, every automorphism
σ ∈ Γ with σ(S) = S fixes the face uvw. Moreover, since the three edges of uvw have all different attributions, σ fixes
each of them and fixes {u, v, w} pointwise. By faithfulness of embedding of G, σ extends to an auto-homeomorphism over
F 2, which should be the identity map. Thus, (G,Γ )would be 2-distinguishable. This is contrary to our assumption.
Therefore, the attribution assignment a takes at most two values along the boundary cycle of each face. Suppose that
there is a face uvw with a(uv) = a(uw) = a0 and a(vw) = a1. Let u1 · · · ur be the link around u with v = u1 and w = ur
and let xvw be another face of G incident to vw with x ≠ u. Since r = deg u ≥ 6, we can find uk in such a way that it is
different from all of v,w, x, u2 and ur−1; we may have k = 3 if u3 ≠ x and k = r − 2 if u3 = x. This implies that any two
in {u, v, w} cannot form three corners of any face together with uk. Put S = {u, v, w, uk}. Then any automorphism σ ∈ Γ
with σ(S) = S fixes the face uvw and σ(uk) = uk.
If σ is not the identity map, then σ must switch v and w with σ(u) = u, by the difference in attributions of edges. This
implies that σ swaps ui and ur−i+1 and hence uk = ur−k+1 since σ(uk) = uk. Thus, we have k = r − k + 1. Substituting
k = 2 or r−2, we have r = 3 or 5 respectively, which contradicts that r = deg u ≥ 6. Therefore, the attribution assignment
a takes only one value along the boundary cycle of each face and it does over the whole of E(G) since G is connected. This
implies that G is edge-transitive with respect to Γ . 
Let G be a triangulation on a closed surface F 2. An edge e ∈ E(G) is said to be contractible if the local deformation of G
around e depicted in Fig. 1 results in another triangulation on F 2. Such a deformation is called the contraction of e in G and
the resulting graph is denoted by G/e. Since every face of G/e is triangular, G/e can be a triangulation on F 2 only if G/e has
at least four vertices and has no multiple edges. It is clear that G/e has multiple edges if and only if e is contained in a cycle
of length 3 not bounding a face.
An irreducible triangulation on a closed surface F 2 is defined as one that contains no contractible edge. The only irreducible
triangulation on the sphere is isomorphic to the tetrahedron K4. On the other hand, there exist two irreducible triangulations
on the projective plane [3], 21 on the torus [7] and 29 on the Klein bottle [8,19], up to isomorphism.
Lemma 14. Let G be a triangulation on a closed surface F 2 with minimum degree at least 6 and let Γ be a subgroup in Aut(G).
If (G,Γ ) is faithfully embedded on F 2 and is not 2-distinguishable, then G is irreducible.
Proof. By the assumption of G, there is a vertex v ∈ V (G) with r = deg v ≥ 6. Let C = u0u1 · · · ur−1 be the link around
v and put S = {v, u0, u1, u3}. If u3 is adjacent to none of u0 and u1, then the subgraph H induced by S in G consists of a
triangle vu0u1 and one edge vu3. In this situation, v is a unique vertex of degree 3 in H and hence any automorphism σ ∈ Γ
with σ(S) = S fixes v. This implies that σ(C) = C and σ({u0, u1, u3}) = {u0, u1, u3}. Since the location of these three
vertices u0, u1 and u3 blocks symmetry of C, σ fixes C pointwise and it extends to the identity map over F 2. Thus, (G,Γ ) is
2-distinguishable in this case.
980 S. Negami / Discrete Mathematics 312 (2012) 973–991
Therefore, if (G,Γ ) is not 2-distinguishable, then there exists either u0u3 or u1u3 and hence an edge vu3 is contained in
a cycle of length 3, vu0u3 or vu1u3, which does not bound a face. In either case, the edge vu3 is not contractible. This implies
that every edge is not contractible since G is edge-transitive with respect to Γ by Lemma 13. That is, G is irreducible. 
Weneed the assumption on degrees to conclude the irreducibility of G, as in Lemma 14. The following lemma guarantees
this and may be known to specialists.
Lemma 15. There is a vertex of degree at least 6 in a triangulation G on a closed surface F 2, except the sphere, unless it is
isomorphic to K6 on the projective plane.
Proof. Let Vi denote the number of vertices of degree i in G. It is well-known that the following equality is derived from
Euler’s formula:
3V3 + 2V4 + V5 = 6χ(F 2)+
−
i≥7
(i− 6)Vi.
Suppose that G has no vertex of degree at least 6. Then we have 3V3 + 2V4 + V5 = 6χ(F 2) and hence χ(F 2) must be
positive. This implies that F 2 is homeomorphic to the projective plane since we exclude the sphere here, and we have
|V (G)| ≤ 3V3 + 2V4 + V5 = 6. On the other hand, we know that K6 is the smallest triangulation on the projective plane.
Thus, Gmust be isomorphic to K6, which is the unique exception in the lemma. 
4. More triangulations
Combining our arguments from the previous section enables us now to narrow down the exceptional triangulations as
follows.
Lemma 16. Let G be a triangulation on a closed surface F 2 and let Γ be a subgroup in Aut(G) such that (G,Γ ) is faithfully
embedded on F 2. If (G,Γ ) is not 2-distinguishable, then G is isomorphic to one of the following.
(i) An irreducible triangulation on a closed surface, except the sphere, which is vertex-transitive and edge-transitive with respect
to Γ .
(ii) K4, S2C3, S2C4, S2C5, S3K4 and K6.
Proof. By Lemma 12, G is either vertex-transitive with respect to Γ , or isomorphic to one of the graphs listed in the lemma.
Thus, it suffices to investigate the case when G is vertex-transitive with respect to Γ .
The only vertex-transitive triangulations on the sphere are the tetrahedron, the octahedron and the icosahedron. The first
two are included in (ii) as K4 and S2C4. On the other hand, it is easy to see that the icosahedron I itself is 2-distinguishable
and hence we have D(I,Γ ) ≤ D(I) = 2. This implies that the icosahedron should not be counted as an exceptional case.
Furthermore, if F 2 is not the sphere and if G is not isomorphic to K6, then G has a vertex of degree at least 6 by Lemma 15.
Since G is vertex-transitive, the degrees of its vertices are all equal and its minimum degree is more than or equal to 6.
Therefore, Gmust be edge-transitive with respect to Γ and be irreducible by Lemmas 13 and 14. This establishes (i). 
Here we would like to determine the isomorphism types of the graphs covered by (i) in the above lemma. To do it, we
set up the following assumption on (G,Γ ) throughout this section. That is, the statements and proofs of all lemmas below
hold under this assumption.
Assumption. A graph G is an r-regular irreducible triangulation on a closed surface F 2, except the sphere, which is vertex-
transitive and edge-transitive with respect to a subgroup Γ in Aut(G). The pair (G,Γ ) is faithfully embedded on F 2, but is
not 2-distinguishable.
Further, choose an arbitrary vertex v of G in what follows. Then v is surrounded by a cycle u0u1 · · · ur−1 of length r , which
is the link of v. Keeping to this notation throughout this section, we shall discuss the adjacency among u0, u1, . . . , ur−1.
Lemma 17. Suppose r ≥ 7. If i− j ≢ 0,±2 (mod r) and ≢ r/2 (mod r) if r is even, then ui is adjacent to uj.
Proof. It suffices to prove the lemma with i + 3 ≤ j < i + r/2, up to symmetry. Put S = {v, ui−1, ui, uj}. Take any
automorphism σ ∈ Γ with σ(S) = S and let h be its extension over F 2. Then vui−1ui bounds a face A. If h(A) ≠ A, then
ui−1uiuj must bound the face h(A) and hence there is an edge uiuj joining to ui and uj. Thus, we may assume that h(A) = A
and we have σ({v, ui−1, ui}) = {v, ui−1, ui} and σ(uj) = uj.
If σ(v) = v, then σ must be the identity map of G clearly and (G,Γ ) would be 2-distinguishable, a contradiction. If
σ(v) = ui, then σ(vuj) = uiuj becomes an edge joining ui and uj. If σ(v) = ui−1, then there is an edge σ(vuj) = ui−1uj
between ui−1 and uj. In this final case, we consider another set S ′ = {v, ui−1, ui, ui+1, uj} and any automorphism σ ′ ∈ Γ
with σ ′(S ′) = S ′, assuming that ui is not adjacent to uj.
Let H ′ be the subgraph induced by S ′ in G. Then H ′ consists of two triangles vui−1ui and vuiui+1, and edges vuj and ui−1uj
and it might have one or two edges ui−1ui+1 and ui+1uj in addition. The vertex v always has degree 4 and ui has degree 3 in
H ′. It is clear that σ ′ would be the identify map of G if σ ′(v) = v.
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Fig. 2. Case of r = 7.
Thus, we may assume that σ ′(v) is a vertex different from v. There are only two candidates for the vertex, ui−1 and ui+1.
In the former case, there is an edge ui−1ui+1 to make ui−1 have degree 4 in H ′. If ui+1uj is missing, then ui+1 and uj have
degree 3 and 2 in H ′, respectively. This implies that σ ′ exchanges v and ui−1, fixing ui, ui+1 and uj, and h flips the face A.
Furthermore, hmaps the face bounded by uiui+1v to one bounded by uiui+1ui−1. However, ui would have degree 3 not only
in H ′ but also in G and Gwould be 3-regular since G is vertex-transitive, contrary to the assumption of r ≥ 7.
Therefore, the remaining case is when there are both edges ui−1ui+1 and ui+1uj; this case includes the case when
σ ′(v) = ui+1. Then both ui−1 and ui+1 have degree 4 in H ′. In this case, there are six edges joining vertices of degree 3
and 4, but only vui meets two faces bounded by two cycles in H ′. This implies that σ ′ fixes this edge with σ ′(v) = v and
σ ′(ui) = ui. However, σ ′ would be the identity map over G since it fixes v.
Now we have found a contradiction in each case, assuming that the edge uiuj is missing. Therefore, ui must be adjacent
to uj. 
Lemma 18. Suppose that r ≥ 4. Then the pairs {ui, ui+2} are all adjacent or all non-adjacent.
Proof. Otherwise, we can find four consecutive vertices ui, ui+1, ui+2 and ui+3 in such a way that ui is adjacent to ui+2
and that ui+1 is not adjacent to ui+3. Since G is edge-transitive with respect to Γ , there is an automorphism σ ∈ Γ with
σ(vui+1) = vui+2 and σ extends to an automorphism h over F 2. Then h carries the two faces sharing vui+1 to those sharing
vui+2. This implies that σ maps {ui, ui+2} to {ui+1, ui+3}. However, the former is an adjacent pair but the latter is not, which
is contrary to σ being an automorphism of G. Therefore, adjacent pairs and non-adjacent pairs do not exist together, as the
lemma states. 
Lemma 19. Suppose that r ≥ 7. Then the pairs {ui, ui+2} are all adjacent.
Proof. Otherwise, the pairs {ui, ui+2} are all non-adjacent by Lemma 18. Assume this and put S = {v, u0, u1, u2, u3, u5}.
Then v has degree 5 in the subgraph H induced by S. On the other hand, u0, u1, u2, u3 and u5 have degree at most 4 in H
since u0u2, u1u3 and u3u5 are missing by our assumption here. Thus, any automorphism σ ∈ Γ fixes v since it is a unique
vertex of degree 5 in H , and σ would be the identity map of G if r ≥ 8. This is contrary to (G,Γ ) not being 2-distinguishable.
Therefore, if r ≥ 8, then {ui, ui+2} are adjacent.
We need to discuss the case of r = 7 separately. Suppose that all pairs {ui, ui+2} are non-adjacent for i ≡ 0, 1,
. . . , 6 (mod 7). Put u = u0 and let v0v1 · · · v6 be the link around uwith v0 = v and v6 = u1 as shown in Fig. 2. By Lemma 17,
u is adjacent to u1, u3, u4 and u6 among the neighborhood of v. Since G is vertex-transitive and faithfully embedded with
respect to Γ , there is an auto-homeomorphism h : F 2 → F 2 with h(v) = u and hence v = v0 is adjacent to neither v2 nor
v5. This implies that {u4, u3} = {v3, v4} and there are two cases, (+) (u4, u3) = (v3, v4) or (−) (u4, u3) = (v4, v3).
Suppose that Case (+) occurs. Look at the edge xy shown in the figure. Since G is edge-transitive and faithfully embedded
with respect to Γ , there exists an auto-homeomorphism h′ : F 2 → F 2 such that h′(vu) = xy and hence h′({u4, u3}) =
h′({v3, v4}) = {a, b, c, d}. This implies that we have the same identification between {a, b} and {c, d} as between {u4, u3}
and {v3, v4}. That is, (a, b) = (c, d). Then the paths bu4u3 at the bottom in the figure must be identical with dv3v4 at the
top. However, u4 = v3 would have degree 5 in this case, contrary to G being 7-regular.
Suppose that Case (−) occurs. Look at the edge yv in turn. Similarly to the previous, we have (u3, u2) = (c, f ). However,
u3 would appear around d twice, as c and as v3, contrary to G being simple. In either case, we have found a contradiction.
This denies our assumption on the non-adjacency of {ui, ui+2}. Therefore, all pairs {ui, ui+2} are adjacent in the case of r = 7,
too. 
Lemma 20. Suppose that r ≥ 8 is an even number. Then ui is adjacent to ui+r/2.
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Fig. 3. The 6-regular irreducible triangulations on the torus.
Proof. Assume that ui is not adjacent to ui+r/2. Firstwe shall show that ui−1 is not adjacent to ui−1+r/2 under this assumption.
One might wonder if this is an immediate consequence from the assumption of being edge-transitive. However, we should
recall that we have never discussed the directions of edges.
Put S0 = {v, ui−1, ui, ui+2, ui+r/2} and let H0 be the subgraph induced by S0 in G. Then v, ui−1 and ui+2 have degree 4 in
H0 while ui and ui+r/2 have degree 3. Take any automorphism σ0 ∈ Γ with σ0(S0) = S0. Since vui−1 is contained in a cycle
in H0 bounding a face of G but vui+2 is not, we have either σ0(vui−1) = vui−1 or σ0(vui−1) = ui+2ui−1. Since (G,Γ ) is not
2-distinguishable, σ0 is not the identity map. Thus, σ0 swaps v and ui−1 in the first case while σ0 swaps v and ui+2 in the
second case.
In either case, there is an edge ofGwhichσ0 reverses its direction. This and the assumption ofG being edge-transitivewith
respect to Γ imply that any two directed edges can be mapped to each other by an automorphism in Γ . In particular, there
is an automorphism in Γ which maps the directed edge vui to the directed edge vui−1. Since (G,Γ ) is faithfully embedded,
the automorphism maps a straight segment uivui+r/2 to ui−1vui−1+r/2. It follows that ui−1 and ui−1+r/2 are not adjacent as
well as ui and ui+r/2 are not.
Now, put S = {v, ui−1, ui, ui+1, ui−1+r/2, ui+r/2} and take any automorphism σ ∈ Γ with σ(S) = S. LetH be the subgraph
induced by S in G. It is clear that σ will be the identity map if σ(v) = v. Thus, we may assume that σ(v) ≠ v. Then two
vertices v and ui+1 have degree 5 in H and the others in S have degree 4. This implies that σ exchanges v and ui+1 and its
extension h flips the face A bounded by vuiui+1, fixing ui. Then the face bounded by vui−1ui must be mapped to the face
ui+1uix sharing uiui+1 with A, where σ(ui−1) = x.
Since x must belong to S, we have either x = ui−1+r/2 or x = ui+r/2. However, the latter is not the case since ui is not
adjacent to ui+r/2 by the assumption. On the other hand, ui−1vui+1x is a segment of the link around ui. Since r ≥ 8, ui−1
and x = ui−1+r/2 are adjacent around ui by Lemma 17, but this is contrary to the fact shown at the beginning of this proof.
Therefore, ui and ui+r/2 must be adjacent. 
Our main goal in this section is to prove the following theorem that completely sorts out triangulations corresponding
to the cases (i) and (iii) in Theorem 6.
Theorem 21. Let G be a triangulation on a closed surface F 2 and let Γ be a subgroup in Aut(G) such that (G,Γ ) is faithfully
embedded on F 2. If (G,Γ ) is not 2-distinguishable, then G is isomorphic to one of the following.
(i) K7 and K3,3,3 on the torus and Kn with n ≥ 8 embedded on closed surfaces as triangulations which are vertex-transitive and
edge-transitive with respect to Γ .
(ii) K4, S2C3, S2C4, S2C5, S3K4 and K6.
Proof. It suffices to show that the statement of (i) in Lemma 16 implies that in the theorem. By the assumptions throughout
this section, G is an r-regular triangulation on F 2. Then we have the following equality from Euler’s formula:
r|V (G)| = 2|E(G)| = 6(|V (G)| − χ(F 2)).
This implies that if χ(F 2) < 0, then r ≥ 7. By Lemmas 17, 19 and 20, the neighborhood of v induces the complete subgraph
isomorphic to Kr . That is, each neighbor ui of v is adjacent to all other vertices lying on the link of v, which are r − 1 in
number, and to v. This implies that there is no other vertex which ui is adjacent to since deg ui = r and hence we have
V (G) = {v, u0, u1, . . . , ur−1}. Therefore, Gmust be isomorphic to Kr+1. Put n = r + 1. Then we have n ≥ 8.
If χ(F 2) > 0, then F 2 is the projective plane and G is isomorphic to one of the two irreducible triangulations on the
projective plane, which are isomorphic to K6 and K4 + K 3 ∼= S3K4 by Barnette [3]. However, they are included in (ii).
Now suppose that χ(F 2) = 0. That is, F 2 is either the torus or the Klein bottle. According to Lawrencenko’s classification
in [7], there are precisely four 6-regular irreducible triangulations on the torus, depicted in Fig. 3; each pair of parallel sides
should be identified to obtain actual triangulations on the torus. It is easy to see that T1 ∼= K7, T2 ∼= K2,2,2,2, T6 ∼= C9 and
T7 ∼= K3,3,3. In particular, T6 is faithfully embedded on the torus and is 2-distinguishable since D(C9) = D(C9) = 2. This
implies that D(T6,Γ ) ≤ D(T6) = 2 for any subgroup Γ in Aut(T6). Thus, we should exclude T6.
The embeddings of K7, K2,2,2,2 and K3,3,3 on the torus are symmetric enough as shown in Fig. 4 and it is easy to see that
they are vertex-transitive. The vertices of K7 in the figure are labeled with 0–6 in such a way that 0123456 forms a hamilton
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Fig. 4. Confirming symmetry in embeddings of T1, T2 and T7.
cycle and there is a map-automorphism σa which sends each vertex i to i + a for a constant a ≡ 0, 1, . . . , 6 (mod 7).
Furthermore, there is another map-automorphism ρ which rotates the six vertices around 0 in such a way that 1 → 5 →
4→ 6→ 2→ 3→ 1. Combining σa and ρ, we can carry each edge to any other edge and hence this K7 is edge-transitive
with respect to its map-automorphisms. Thus, there is no reason to exclude K7.
On the other hand, K2,2,2,2 in the figure consists of four partite sets {0, 0′}, {1, 1′}, {2, 2′} and {3, 3′} and is not edge-
transitive. For example, Edge 01 lies on a line which contains all vertices while Edge 02 lies on a line which contains only
two partite sets. Thus, any map-automorphism of this K2,2,2,2 cannot carry 01 to 02. This implies that if G = K2,2,2,2, then
G is not edge-transitive with respect to any subgroup Γ in Aut(G) such that (G,Γ ) is faithfully embedded. This excludes
K2,2,2,2.
The embedding of K3,3,3 in the figure consists of three partite sets {0, 0′, 0′′}, {1, 1′, 1′′} and {2, 2′, 2′′} and two of them
induce the embedding of K3,3 with three hexagonal faces. It is easy to see that slides toward any direction and rotations over
the plane preserve the partite sets and induce map-automorphisms of K3,3,3. Thus, this K3,3,3 is edge-transitive with respect
to its map-automorphisms and we do not need to exclude it.
By Lawrencenko–Negami [8] and Sulanke [19], there is only one 6-regular irreducible triangulation Kh14 on the Klein
bottle and it can be givenwith the same figure as for T7, but the right and left sides should be identified in opposite directions.
This triangulation is isomorphic to C6 ∪ K3. However, this is not edge-transitive. For, any edge lying vertically in the figure
cannot be carried to any horizontal edge. Each of the vertical and horizontal edges is contained in a cycle of length 3 which
goes straight on the surface, but the cycle for a vertical edge cuts open the Klein bottle into an annulus while that for a
horizontal edge does not. Thus, we should exclude C6 ∪ K3, too. 
5. Quadrangulations
Now we shall discuss the case when G has only quadrilateral faces. Such a graph is called a quadrangulation on a closed
surface, and in our case it is assumed to be polyhedral. We shall consider attribution assignments to vertices and to edges,
as well as in the previous section.
Lemma 22. Let G be a polyhedral quadrangulation on a closed surface F 2 and let Γ be a subgroup inAut(G). If (G,Γ ) is faithfully
embedded on F 2 and is not 2-distinguishable, then G is vertex-transitive and edge-transitive with respect to Γ .
Proof. Decompose V (G) into the orbits U0,U1, . . . of the group action over V (G) by Γ and define an attribution assignment
a : V (G)→ {0, 1, . . .} in such a way that v ∈ Ua(v) for each vertex v ∈ V (G). Suppose that (G,Γ ) is faithfully embedded on
F 2 and is not 2-distinguishable.
LetA be any quadrilateral facewith boundary cycle C = u0u1u2u3. Assume that C contains twodistinct attributions a0 and
a1. Suppose that a(u0) = a0 and a(u2) = a1. Put S = {u0, u1, u2}. Let σ be any automorphism ofG inΓ with σ(S) = S and let
h be its extension. Then h(A) = A since {u0, u2}would be a bad pair otherwise. Moreover, h fixes A since a(u0) ≠ a(u2), but
σ would be the identity map in this case, contrary to (G,Γ ) not being 2-distinguishable. Therefore, we have a(u0) = a(u2)
and a(u1) = a(u3) similarly.
Suppose that a(u0) ≠ a(u1). Then we may assume that a(u0) = 0 and a(u1) = 1. That is, C is colored alternatingly by
0 and 1. Since G is connected, this happens for the boundary cycle of any face of G and G becomes a bipartite graph with
partite sets U0 and U1. Let B be the face incident to u0u1 other than A and let u0u1u′2u
′
3 be its boundary cycle. Then we have
u0, u2, u′2 ∈ U0 and u1, u3, u′3 ∈ U1. Put S = {u0, u1, u2, u′3}. Let σ be any automorphism of G in Γ with σ(S) = S and let h
be its extension. Since σ preserves the attributions, we have σ({u0, u2}) = {u0, u2}. If h(A) ≠ A, then {u0, u2} would be a
bad pair. Thus, we have h(A) = A and also h(B) = B similarly. If σ swaps u0 and u2, then h(B)must be the face sharing u2u1
with A, but it is impossible since h(B) = B. Thus σ fixes u0 and u2, and also fixes u1 and u′3. This implies that h fixes A ∪ B
and σ would be the identity map, a contradiction.
Therefore, we have a(u0) = a(u1) and a takes only one value along C and does over the whole of G. This implies that G is
vertex-transitive with respect to Γ .
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Fig. 5. Fragment of an everywhere-thin quadrangulation.
Now consider an attribution assignment a : E(G)→ {0, 1, . . .} defined for edges in the same way as for vertices above.
If a takes at least two values, then we can find two edges e = u0u1 and e′ = u1u2 which have different attributions, say
a(e) = 0 and a(e′) = 1, and form a corner u0u1u2 of a face A. Let u0u1u2u3 be the boundary cycle of A. Put S = {u0, u1, u2}
and take any automorphism σ ∈ Γ with σ(S) = S. Since G is polyhedral, there is no edge between u0 and u2 and hence
the subgraph H induced by S is a path u0u1u2 of length 2. However, σ cannot swap e and e′ since a(e) ≠ a(e′), and hence σ
fixes each of u0, u1 and u2. If h(A) ≠ A for its extension h, then {u0, u2} would be a bad pair. So we have h(A) = A and can
conclude that σ would be the identity map and that G would be 2-distinguishable, a contradiction. Therefore, a takes only
one value and hence G is edge-transitive. 
A polyhedral quadrangulation is said to be everywhere-thin if any three consecutive faces u0v0v1u1, u1v1v2u2 and
u2v2v3u3 form either an annulus or a Möbius band with {u0, v0} = {u3, v3}. The notion of irreducibility of triangulations
can be found in a number of papers while the property of being everywhere-thin has been just defined here to state the
following lemma. In fact, everywhere-thin quadrangulations are very rare, as we shall show later.
Lemma 23. Let G be a polyhedral quadrangulation on a closed surface F 2, not isomorphic to Q3, and let Γ be a subgroup in
Aut(G). If (G,Γ ) is faithfully embedded on F 2 and is not 2-distinguishable, then G is everywhere-thin.
Proof. Let C, A and B be three consecutive faces and let D and E be two other faces meeting A along edges as depicted
in Fig. 5. Then the vertices incident to these faces can be labeled locally with Cartesian coordinates as in the figure. Put
S = {u10, u20, u11, u21, u31}, the encircled vertices in Fig. 5.
Take any automorphism σ ∈ Γ with σ(S) = S and let h be its extension over F 2. Put S ′ = S − {u31} for convenience.
It should be noticed that six vertices of any adjacent pair of faces are all distinct; otherwise, G would not be polyhedral. If
u31 = u22, then we have deg u21 = 3 and Gwould be isomorphic to Q3 since G is vertex-transitive by Lemma 22. However,
this case is excluded by our assumption.
If h(A) ≠ A, then S ′ would contain a bad pair, which should be either {u11, u20} or {u10, u21}, since |σ(S ′)∩ S ′| ≥ 3. Thus,
we have h(A) = A. Furthermore, if h(B) = B, then σ would be the identitymap and hence (G,Γ )would be 2-distinguishable.
Therefore, we have h(B) ≠ B under the assumption of (G,Γ ) not being 2-distinguishable. Since B shares the edge u20u21
with A, h(B)must be either C,D or E. However, {u21, u31} or {u20, u31}would be a bad pair in the last two cases. On the other
hand, we have σ(u31) ∈ {u00, u01} in the first case. Since σ(u31) ∈ S, it must coincide with u31. By the same argument for
S ′ ∪ {u30} as for S, we can conclude that u30 ∈ {u00, u01} and hence that C ∪ A ∪ B forms an annulus or a Möbius band with
{u30, u31} = {u00, u01}. Therefore, G is everywhere-thin. 
The above lemmas do not specify the exceptional polyhedral quadrangulations so well as in the case of triangulations,
but we can prove the following theorem which presents their concrete forms.
Theorem 24. Let G be a polyhedral quadrangulation on a closed surface F 2 and let Γ be a subgroup in Aut(G) such that (G,Γ )
is faithfully embedded on F 2. If (G,Γ ) is not 2-distinguishable, then G is isomorphic to one of Q3, C3 × C3 or K6 × K2, and is
vertex-transitive and edge-transitive with respect to Γ .
Proof. By Lemma 22, G is vertex-transitive and edge-transitive with respect to Γ and hence G is r-regular for some r ≥ 3.
If r = 3, then G is isomorphic to Q3 clearly.
If r = 4, then G is embedded on the torus or the Klein bottle. Furthermore, it is clear that G can be obtained from the
3× 3 rectangle by identifying its boundary suitably since G is everywhere-thin by Lemma 23; the rectangle is divided into
nine quadrilaterals including A, B, C,D and E in Fig. 5. Since G is edge-transitive with respect to Γ and (G,Γ ) is faithfully
embedded, the sequence of three faces {C, A, B} can be carried to {D, A, E} by an auto-homeomorphism over the surface.
Thus, C ∪A∪B forms aMöbius band if and only if D∪A∪E does. However, this must happen for any sequence of three faces
in the rectangle and it is impossible to identify the boundary of the rectangle consistently if C ∪ A∪ B forms a Möbius band.
Therefore, C ∪A∪ B forms an annulus and so do the other sequences. Then wemust identify the pair of horizontal sides and
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Fig. 6. The 5-regular everywhere-thin polyhedral quadrangulation.
the pair of vertical sides so as to make a torus, which includes C3 × C3 as G. It is clear that C3 × C3 is vertex-transitive and
edge-transitive on the torus.
Now suppose that r = 5. Take any face A and consider the configuration of faces around A as shown on the left-hand side
of Fig. 6. As we have seen above, all of three consecutive faces form all annuli or all Möbius bands. In the first case, we obtain
the identification indicated with labels 1–9 in the left. However, the vertex with label 4 would have degree 8, contrary to G
being 5-regular. Therefore, the case of Möbius bands should happen.
The right-hand side of Fig. 6 presents the identification in the expected case, which can be obtained naturally and
uniquely. It is easy to see that the quadrangulation so obtained, say G, is bipartite and is isomorphic to K6,6 minus a perfect
matching, which can be expressed as K6 × K2. By Euler’s formula, F 2 is homeomorphic to the nonorientable closed surface
of genus 5.
In fact, this quadrangulation can be constructed as follows. Let v1, . . . , v6 be the six vertex of K6 and embed K6 on the
projective plane as a triangulation. Let Li be the cycle of length 5 obtained as the link of vi. Then {L1, . . . , L6} forms a cycle
double cover of K6. That is, each edge is covered by precisely two cycles in this set. Disregard the projective plane and paste
a 2-cell along each cycle Li to obtain a closed surface. The resulting surface F 2 contains a self-dual embedding of K6 such
that each Li bounds a face. Put a vertex v∗i at the center of the face bounded by Li and join v
∗
i to all vertices lying on Li for
i = 1, . . . , 6. The desired quadrangulation G can be obtained from the resulting graph by deleting the original edges of K6
and inherits symmetry from the embedding of K6 on the projective plane naturally. It follows that G is vertex-transitive and
edge-transitive.
Finally suppose that r ≥ 6. Take any vertex v of G and let w0, w1, . . . , wr−1 be its neighbors lying around v in this
cyclic order with indices taken modulo r . Each face Ci lying around v is bounded by a cyclewivwi+1w′i for i ≡ 0, 1, . . . , r −
1 (mod r). Put S = {v,w0, w1, w3} and take any automorphism σ ∈ Γ with σ(S) = S. Let h be the extension of σ over F 2.
It is clear that if σ(v) = v, then the assumption of r ≥ 6 forces σ to be the identity map of G. Since this is contrary to (G,Γ )
not being 2-distinguishable, we must have σ(v) ∈ {w0, w1, w3}.
Suppose that σ(v) = wi for i = 0 or 1. If h(C0) = C0, then w′0 must coincide with either σ(w0) or σ(w1) and belong to
S. This implies that w′0 would be identical with w3 ∈ S − {v,w0, w1}. However, {v,w′0} would be a bad pair in this case,
contrary to G being polyhedral. If h(C0) ≠ C0, then σ(w0)σ (v)σ (w1) = σ(w0)wiσ(w1) forms a corner of the face h(C0)
and {σ(w0), σ (w1)} ⊂ {w1−i, w3}. This implies that {w0, w1} would be a bad pair, contrary to G being polyhedral, again.
Therefore, we have σ(v) = w3.
Ifσ(w3) = w0, orw1, thenwe can conclude the same contradiction forσ 2 as in the previous paragraph, sinceσ 2(v) = w0
orw1. Thus, σ exchanges v andw3 and either h reverses or rotates the surface, fixing the middle point of the edge vw3. Let
y0y1 · · · yr−1 be the neighbors of w3 lying around w3 in this cyclic order such that y0 = v, y1 = w′2 and y1w3vw2 bounds a
face A and suppose that yiw3yi+1y′i bounds a face Bi.
If h reverses the orientation of the surface, then σ(w0) = y3 and σ(w1) = y2. Since they must belong to S, we have
{y2, y3} = {w0, w1}. Since G is everywhere-thin, C1 ∪ A ∪ B1 should be either an annulus or a Möbius band and hence we
have {y′1, y2} = {w1, w′1}. By these two equalities, {y2} = {y2, y3} ∩ {y′1, y2} = {w0, w1} ∩ {w1, w′1} = {w1} and hence
y2 = w1, y3 = w0 and y′1 = w′1. Then y2w3y3 = w1w3w0 is a corner of the face B2 and hence the two faces B2 and C0 meet
in two verticesw0 andw1, which form a bad pair. This is contrary to G being polyhedral.
If h rotates the surface, then σ(w0) = yr−3 and σ(w1) = yr−2 and hence we have {yr−2, yr−3} = {w0, w1} since
they must be contained in S. Thus, we may put yr−2 = wi and yr−3 = w1−i for i = 0 or 1. Since G is everywhere-thin,
C4 ∪ C3 ∪ Br−2 = C4 ∪ Br−1 ∪ Br−2 forms an annulus or a Möbius band and hence yr−2 must be identical with one ofw5 and
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w′4. If yr−2 = w5, then Gwould not be simple sincewi appears twice around v. If yr−2 = w′4, then Gwould not be polyhedral
since {v,wi} becomes a bad pair.
We have arrived at contradictions in all cases with r ≥ 6. Therefore, there is no candidate for G in this case. 
6. Scarcity of exceptions with faithful embeddings
Now we have prepared all we need to prove our first goal. It suffices to combine the results in Sections 2–5.
Proof of Theorem 6. Let G be a polyhedral graph embedded on a closed surface F 2 and let Γ be a subgroup in Aut(G) such
that (G,Γ ) is faithfully embedded on F 2. Suppose that (G,Γ ) is not 2-distinguishable.
By Lemmas 8–10, Gmust be either a triangulation or a quadrangulation on F 2 unless it is isomorphic toW4 orW5, which
are listed in (iv). If G is a triangulation, then Gmust be one of the triangulations described in Theorem 21, which are listed
in (i) and (iii) in the theorem. If G is a quadrangulation, then G must be one of the quadrangulations given in Theorem 24,
which appears in (ii) and (iv). Therefore, the theorem follows. 
The statement of Theorem 6 is slightly complicated with a number of exceptions. However, we can establish a simpler
statement, assuming faithfulness of embedding.
Theorem 25. Every polyhedral graph faithfully embedded on a closed surface is 2-distinguishable unless it is isomorphic to one
of C3 × C3, K4, S2C3, S2C4, S2C5,W4,W5 and Q3.
Proof. Put Γ = Aut(G) in Theorem 6. It suffices to exclude ones that are not faithfully embedded from the list of exceptions
in (i)–(iv). By Lemma 5, Kn with n ≥ 6, K3,3,3 ∼= S3K3,3, S3K4 and K6 × K2 are not faithfully embedded on any closed surface.
The remaining cases are listed in the theorem. 
We immediately obtain the following two corollaries of this theorem, restricting polyhedral graphs to triangulations and
quadrangulations of closed surfaces.
Corollary 26. Every triangulation faithfully embedded on a closed surface is 2-distinguishable unless it is isomorphic to one of
K4, K2,2,2, S2C3 and S2C5. 
Corollary 27. Every polyhedral quadrangulation faithfully embedded on a closed surface is 2-distinguishable unless it is
isomorphic to either C3 × C3 or Q3. 
It is not so difficult to determine the distinguishing number of the eight exceptions in Theorem 25. In particular, we can
find a proof of the first equality in [5]:
D(C3 × C3) = 3, D(K4) = 4
D(K2,2,2) = D(W4) = D(W5) = D(S2C3) = D(S2C5) = D(Q3) = 3.
These imply that every polyhedral graph, except K4, is 3-distinguishable if it is faithfully embedded on the surface.
However, the distinguishing number of polyhedral graphs can be larger if the graphs are not faithfully embedded; Kn and
Kn,n,n give us such examples since they can be triangulations on closed surfaces for suitable n. Thismotivates us to determine
an upper bound for the distinguishing number of polyhedral graphs on a fixed closed surface. In particular, in Section 10,
we shall develop a theory on the upper bound for the distinguishing number of triangulations on closed surfaces without
assuming faithfulness.
Furthermore, faithfulness of embeddings works as an essential assumption to bound the number of those polyhedral
graphs that are not 2-distinguishable. There is no such bound if faithfulness is not assumed, as we show now.
Theorem 28. There exist infinitely many triangulations on any closed surface, except the sphere, that are not 2-distinguishable.
Proof. For example, we can embed K7 on the torus as a triangulation. Take one face xyz in the toroidal embedding of K7 and
attach any triangulation H on the orientable closed surface of genus g ≥ 0 to the torus in such a way that xyz coincides with
one face of H . Let G be the resulting graph, which is a triangulation on the orientable closed surface of genus g + 1 ≥ 1.
The four vertices of K7 except x, y and z form K4 and there are such automorphisms of G that permute these four vertices
arbitrarily, fixing all other vertices. This implies that D(G) ≥ 4.
Embed K6 on the projective plane as a triangulation and attach any triangulation on the nonorientable closed surface of
genus q ≥ 1 or on the sphere (with q = 0) to one face of K6 as well as above. Then the resulting graph G is a triangulation
on the nonorientable closed surface of genus q + 1 ≥ 1 and we have D(G) ≥ 3 since it contains the three vertices which
form K3 and are permutable arbitrarily by automorphisms fixing the others. 
The property of being polyhedral is also important in bounding the number of exceptional graphs that are not
2-distinguishable. For example, Fukuda and Negami [5] have determined the distinguishing number of 4-regular
quadrangulations on the torus, not assuming that they are polyhedral, and have specified an infinite series of ones that are
not 2-distinguishable; those are not polyhedral of course. Similar arguments for 4-regular quadrangulations on the Klein
bottle can be found in [1]. The same infinite series as for the torus can be embedded on the Klein bottle.
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7. 4-representative embeddings
The representativity of embedding is defined as the maximum number r such that G is r-representative [16]. This
notion has appeared in a number of connections in topological graph theory and the assumption of sufficiently large
representativity guarantees some properties of graphs we expect in most cases. For example, a graph with sufficiently large
representativity is faithfully embedded. However, if we assume faithfulness of embeddings, we do not need the assumption
of so large representativity to conclude the 2-distinguishability of graphs on closed surfaces, as follows.
Theorem 29. Every 4-representative 3-connected graph faithfully embedded on a closed surface, except the sphere, is 2-distingui-
shable.
Proof. The quadrangulation C3 × C3 on the torus is not 4-representative and the other graphs listed in Theorem 25 are all
embedded on the sphere. Thus, being 4-representative excludes all exceptions. 
In fact, the assumption of being 4-representative ensures faithfulness of embeddings of triangulations on closed surfaces.
This fact has been shown in [11] with the help of the notion of ‘‘skew vertices’’ in triangulations.
Lemma 30. Every 4-representative triangulation on a closed surface, except the sphere, is faithfully embedded.
Proof. Take one vertex v in a triangulation G on a closed surface F 2 and consider the subgraph H induced by its neighbors
in G, which contains the link lk(v) as a hamilton cycle. If H had another hamilton cycle, then there are at least two chords ac
and bd of lk(v) in G such that a, b, c and d lie along lk(v) in this cyclic order. Then both of two cycles vac and vbd of length 3
cannot bound any 2-cell region. This is contrary to G being 4-representative. Thus, H contains no hamilton cycle other than
lk(v).
Let σ be any automorphism of G in Aut(G). The above observation holds for all vertices of G and hence lk(σ (v)) is the
unique cycle passing through all neighbors of σ(v). This implies that σ sends lk(v) onto lk(σ (v)). Thus, σ preserves the
rotations around all vertices and extends to an auto-homeomorphism over F 2. Therefore,G is faithfully embedded on F 2. 
Now we can prove our first main theorem, Theorem 2, easily. This is just a corollary of Theorem 29 and Lemma 30.
Proof of Theorem 2. Let G be a 4-representative triangulation on a closed surface F 2. Then G is 3-connected and is faithfully
embedded on F 2 by Lemma 30. Therefore, the theorem follows from Theorem 29. 
The assumption of being 4-representative does not work for graphs on the sphere since representativity is undefined
there. On the other hand, the notion of ‘‘clean triangulation’’ works for every closed surface. A triangulation G on a closed
surface F 2 is said to be clean if every cycle of length 3 in G bounds a face. It should be noticed that a clean triangulation
is necessarily 4-connected but a 4-representative triangulation is not assumed to be 4-connected. The following is just a
corollary of Theorems 1 and 2.
Corollary 31. Every clean triangulation on a closed surface is 2-distinguishable unless it is either K4, K2,2,2 or S2C5 on the sphere.
Proof. Among the exceptions in Theorem 1, the only graphs that become triangulations on the sphere are K4, K2,2,2, S2C3
and S2C5. Since S2C3 is not clean, it is enough to list the other three as the exceptions in this corollary. 
One might expect that 4-representative quadrangulations would be 2-distinguishable, but the same argument as for
triangulations in the previous does not work for quadrangulations as it is. For, the assumption of being 4-representative
does not guarantee faithfulness of embedding of polyhedral quadrangulations. For example, the 4-cube Q4 ∼= C4×C4 can be
embedded on the torus as a 4-representative quadrangulation but it is not faithfully embedded there although D(Q4) = 2.
In fact, Vitray [22] has proved that every 4-representative 3-connected projective-planar graph has a unique embedding
on the projective plane, up to homeomorphism. This guarantees faithfulness of embedding of such a graph and hence we
have the following as an immediate corollary of Theorem 29.
Corollary 32. Every 4-representative 3-connected graph on the projective plane is 2-distinguishable. 
8. Connectivity
Although faithfulness of embeddings is essential for our arguments in the previous, it may be a technical assumption
which extends our local arguments around suitable vertices to a global one over the surface. We would therefore like to
replace such an assumption with another more familiar condition, say ‘‘connectivity’’ for example.
The author has already investigated the relationship between the connectivity of graphs and faithfulness of their
embeddings in his thesis [14] and shown the following facts for triangulations in particular.
• Every 5-connected triangulation on the projective plane is faithfully embedded unless it is isomorphic to K6 [12].
• Every 6-connected triangulation on the torus is faithfully embedded unless it is isomorphic to K7, K2,2,2,2 and K3,3,3 [11].
• Every 6-regular triangulation on the Klein bottle is faithfully embedded unless it is isomorphic to C6 ∪ K3 [13,14].
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Applying Corollary 26 to triangulations on the projective plane, the torus and the Klein bottle except the graphs listed
above, we can establish the following three theorems immediately, corresponding to the above three facts in that order.
Theorem 33. Every 5-connected triangulation on the projective plane is 2-distinguishable unless it is isomorphic to K6. 
Theorem 34. Every 6-connected triangulations on the torus is 2-distinguishable if it is isomorphic to none of K7, K2,2,2,2 and
K3,3,3. 
Theorem 35. Every 6-regular triangulations on the Klein bottle is 2-distinguishable unless it is isomorphic to C6 ∪ K3. 
Note that a graph embedded on the torus is 6-connected if and only if it is a 6-regular triangulation on the torus, while
a 6-connected graph embedded on the Klein bottle is necessarily a 6-regular triangulation on the Klein bottle but there are
6-regular triangulations on the Klein bottle which are not 6-connected.
Corollary 36. Every 6-connected triangulations on the Klein bottle is 2-distinguish-able unless it is isomorphic to C6 ∪ K3. 
The 6-regular triangulations on the torus and the Klein bottles have been classified with their standard forms involving
some parameters. The description of those standard forms can be found in [9,11,13,14] for example. The exceptional graphs
listed in the above results can be embedded on the torus and the Klein bottle as the triangulations with the following
notations:
K7 ∼= T (7, 2, 1), K2,2,2,2 ∼= T (8, 2, 1), K3,3,3 ∼= T (3, 0, 3), C6 ∪ K3 ∼= Kh(3, 3).
The distinguishing number of the exceptions can be determined easily as follows:
D(K7) = 7, D(K2,2,2,2) = D(K3,3,3) = 4, D(C6 ∪ K3) = 3.
It is well-known that given a closed surface, there are only a finite number of graphs with minimum degree at least 7
that can be embedded on the surface, as an easy consequence of Euler’s formula. This implies that there are few 7-connected
graphs on a fixed closed surface. Thus, the assumption of very high connectivity is not productive in topological graph
theory although we have just shown a relation between connectivity and distinguishing number. The assumption of being
6-connected also does not workwell to bound the distinguishing number of triangulations on a closed surface under general
situations, as it follows from our next result.
Theorem 37. Given a natural number d, there exists a natural number g such that any orientable closed surface of genus at least
g admits infinitely many 6-connected triangulations G with D(G) ≥ d.
Proof. Let g be the genus of an orientable closed surface Sg where Kn with n ≥ d+6 can be embedded as a triangulation and
choose a hexagonal region A bounded by a cycle C of length 6 in such away that it contains no vertex inside. Take an arbitrary
6-connected triangulation on a closed surface F 2 of sufficiently large order and choose a hexagonal region B bounded by a
cycle of length 6. Such a triangulation can be constructed from a suitable number of copies of 6-connected triangulations
T (p, q, r) on the torus by joining them. Paste Sg and F 2 along these hexagonal regions in the standard way to obtain a closed
surface, which is a connected sum Sg#F 2 of these two surfaces. It is easy to see that the resulting triangulation G on Sg#F 2 is
6-connected and it contains an induced subgraph isomorphic to Kn−6, each vertices of which is adjacent to all the vertices
lying along C . This implies that there is an automorphism σ : G → G which permutes the vertices of Kn−6, fixing the other
vertices, and hence D(G) ≥ n− 6 ≥ d. 
9. Panel structures of triangulations
What happens if an embedding is not faithful? That is, suppose that there is an automorphism σ : G → G that does not
extend to any auto-homeomorphism of the surface F 2 where G is embedded. Then σ(G) determines another embedding of
G on F 2 which is different from the original. This may be called ‘‘a re-embedding’’ of G.
In this section, we shall give a short review of the theory on re-embedding structures of triangulations on closed surfaces,
developed by Nakamoto et al. in [10]. This will be applied to show the existence of an upper bound for distinguishing
numbers of triangulations on a fixed closed surface in the next section.
Let G be a triangulation on a closed surface F 2 and suppose that G admits another embedding on F 2 different from
the original one. Such a re-embedding can be exhibited with an injective continuous map f : G → F 2, where G and F 2
are regarded as topological spaces. Then Euler’s formula forces f (G) to be a triangulation on F 2 and f induces a graph-
isomorphism between G and f (G). If f sends all the cycles bounding faces of G to those of f (G), then we can extend
f to a homeomorphism h : F 2 → F 2. In this case, these two triangulations G and f (G) are said to be equivalent, up to
homeomorphism.
It may happen, however, that f : G → F 2 does not extend to a homeomorphism over F 2 even if f (G) = G. To understand
these phenomena, we should focus on their embeddingmaps rather than embedded graphs themselves andwe can say that
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such an embedding f : G → F 2 is not equivalent to the identity map. More generally, two embeddings f and f ′ : G → F 2
are said to be equivalent to each other, up to homeomorphism, if there is a homeomorphism h : F 2 → F 2 with f ′ = hf .
Let uvw be the boundary cycle of a face A of G. If the cycle f (uvw) bounds a face of f (G) for all embeddings f : G → F 2,
then the face A is called a panel of G; otherwise, A is a hole of G. Let ℘(G) be the set of panels of G, which is a subset in the
set of faces F(G). The composite structure (G, ℘(G)) is called the panel structure of G.
The subgraph induced by the edges incident to holes is called the frame of G and is denoted by Fr(G). The frame Fr(G)
divides F 2 into some regions each of which is a hole or a union of some panels of G; the latter is called a paneled region of G.
For any embedding f : G → F 2, f induces a graph-isomorphism between Fr(G) and Fr(f (G)) and extends to one that maps
homeomorphically the paneled regions of G to those of f (G). Some of the holes in G may vanish to be cycles of length 3 in
f (G)which do not bound a face.
Let G and G′ be two triangulations on a closed surface F 2. If there is a graph-isomorphism φ : Fr(G) → Fr(G′) which
induces a bijection between their paneled regions and extends to a map that sends homeomorphically each of the paneled
regions in G to its corresponding paneled region in f (G), then their panel structures (G, ℘(G)) and (G′, ℘(G′)) are said to
be equivalent to each other. It is clear that if two triangulations have equivalent panel structures, then there is a bijection
between the equivalence classes of their embeddings and hence they admit the same number of inequivalent embeddings
on F 2.
The following theorem is one of themain results in the theory of panel structures andwill be essential for our arguments
to bound the distinguishing number of triangulations on a closed surface.
Theorem 38 (Nakamoto et al. [10]). Given a closed surface, there exist only a finite number of equivalence classes of panel
structures of triangulations on the surface.
Each panel structure can be exhibited by a triangulation T with a set ℘ of faces forced to be panels, called a paneled
triangulation with panels ℘. We take into account only embeddings of T in which the boundary cycles of all faces in ℘
bound faces, although each face in ℘ may not be a panel of T itself in the previous sense. Any triangulation G with panel
structure exhibited by a paneled triangulation T with panels ℘ can be obtained from T by subdividing the inside of panels
of T . Thus, the frame Fr(G) of G is isomorphic to the subgraph in T induced by the edges incident to faces not in ℘, which is
called the frame of T and is denoted by Fr(T ), too. In [10], the authors established an upper bound for the number of vertices
of such paneled triangulations needed to exhibit all panel structures on a closed surface F 2. The bound is of linear order with
respect to the Euler genus r(F 2) = 2− χ(F 2) of F 2.
The next lemma follows from the definitions of panels and frames of triangulations on closed surfaces, although it has
not been explicitly stated and proved in [10]. This is another essential fact for our subsequent arguments.
Lemma 39. Let G be a triangulation on a closed surface F 2 and suppose that its frame Fr(G) is not empty. Then two embeddings
f and f ′ : G → F 2 are identical if and only if f |Fr(G) = f ′|Fr(G). 
10. Bounding the distinguishing number
We have now collected enough tools to prove Theorem 3. The following lemma gives us a key fact to do it, joining our
arguments on the distinguishing numbers and the re-embedding theory reviewed in the previous section.
Lemma 40. Let G be a triangulation on a closed surface F 2 with nonempty frame Fr(G) ≠ ∅. Then D(G) ≤ D(Fr(G)).
Proof. Let c¯ : V (Fr(G)) → {1, 2, . . . , d} be a d-distinguishing labeling of Fr(G) with D(Fr(G)) = d and let c : V (G) →
{1, 2, . . . , d} be any extension of c¯. That is, c(v) = c¯(v) for each vertex v in Fr(G). To show that c also is a d-distinguishing
labeling of G, take any automorphism σ : G → G that preserves the labels of vertices given by c.
Since it is clear that σ(Fr(G)) = Fr(G), the restriction σ |Fr(G) of σ to Fr(G) becomes an automorphism of Fr(G) and
preserves the labels of vertices in Fr(G) given by c¯. Then σ |Fr(G) must be the identity map over Fr(G) since c¯ is a d-
distinguishing labeling of Fr(G). By Lemma 39, σ itself must be the identity map of G. Thus, c is a d-distinguishing labeling
of G and hence we have D(G) ≤ d = D(Fr(G)). 
Proof of Theorem 3. By Corollary 26, we have N = 4 if F 2 is the sphere, with K4 having distinguishing number 4. Thus, we
may assume that F 2 is not homeomorphic to the sphere.
By Theorem 38, there are only finitely many isomorphism classes of the frames of triangulations on F 2. Thus, there is an
upper bound R for the distinguishing number of those frames. That is, D(Fr(G)) ≤ R for all frames Fr(G). On the other hand,
triangulations faithfully embedded on F 2 are 2-distinguishable by Corollary 26. Let N = max{R, 2}.
Let G be any triangulation on F 2. If Fr(G) ≠ ∅, then D(G) ≤ D(Fr(G)) ≤ R by Lemma 40. If Fr(G) = ∅, then any
automorphism of G extends to an auto-homeomorphism over F 2 by the definition of panels and frames. Thus, G is faithfully
embedded on F 2 in this case and we have D(G) ≤ 2. In either case, the distinguishing number of G is bounded by N . 
Interpreting the arguments in the above proof for individual surfaces F 2, wewill be able to determine their distinguishing
numbersD△(F 2), which has been defined in the introduction. In particular, we can do it for the projective plane and the torus
since we have known the panel structures on these surfaces.
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Theorem 41. The distinguishing number of any triangulation on the projective plane does not exceed 6, and this bound is best
possible.
Proof. The panel structures of triangulations on the projective plane have been classified in [10]. They can be exhibited as
paneled triangulations over K6 and S3K4 and their frames are isomorphic to K6, S3K4, K2,2,2 and S2C4 as graphs if they are not
empty. It is easy to see that:
D(K6) = 6, D(S3K4) = 4, D(K2,2,2) = D(S2C4) = 3.
By Lemma 40, we have D(G) ≤ D(Fr(G)) ≤ max{6, 4, 3} = 6 for any triangulation G on the projective plane with Fr(G) ≠ ∅.
On the other hand, if Fr(G) = ∅, then G is faithfully embedded on the projective plane and we have D(G) ≤ 2 by
Corollary 26. Therefore, we conclude thatD(G) ≤ D(K6) = 6 for all triangulationsG on the projective plane. SinceD(K6) = 6,
this bound is best possible. 
Theorem 42. The distinguishing number of any triangulation on the torus does not exceed 7, and this bound is best possible.
Proof. Sasao [18] has already classified the panel structures of triangulations on the torus. The same argument as in the
proof of Theorem 41 works for this case and we can conclude that D(G) ≤ D(K7) = 7 for any triangulation G on the torus.
Since D(K7) = 7, this bound is best possible. We shall omit the details here. 
The author [20] has developed more detailed arguments on the distinguishing numbers and panel structures of
triangulations on the projective plane and determined completely the structures of those with a given distinguishing
number. As a corollary of his result, every 4-connected triangulations on the projective plane is 2-distinguishable unless
it is isomorphic to one of K6, K4+K 3 and K3,3,3−K3, which improves Theorem 33. Furthermore, he and Sano [15] have done
the same for triangulations on the torus and concluded that 5-connected triangulations on the torus are 2-distinguishable
with a finite number of specified exceptions. For triangulations on the Klein bottle, we have to wait until someone classifies
their panel structures.
According to the theory in [10], the set of triangulations which exhibit the panel structures on a closed surface includes
the set of ‘‘irreducible triangulations’’. In general, if Kn can be embedded on a closed surface as a triangulation, then Kn
belongs to the set of irreducible triangulations of the surface and it will be a candidate for the triangulation that attains
the maximum of distinguishing numbers taken over all the triangulations on the surface. This motivates us to propose the
following conjecture mentioned in the introduction.
Conjecture 1. D△(F 2) ≤ H(F 2) for a closed surface F 2.
We have known that H(F 2) is attained by the maximum order of complete graphs embeddable on F 2 and D(Kn) seems
to be especially larger than others. This suggests that D△(F 2) will be smaller if we allow a finite number of exceptions.
Let us therefore define D¯△(F 2) as the maximum number d such that D(G) ≤ d for triangulations on F 2 with finitely many
exceptions. Obviously, D¯△(F 2) ≤ D△(F 2) and we have in particular:
D¯△(S2) = 2, D¯△(P2) = 3, D¯△(T 2) = 4.
These follow from the results in [6,20,15] in order.
Acknowledgments
The author would like to express his thanks to Prof. Joan Hutchinson who invited him to attend a mini symposium on
topological graph theory during the SIAM conference 2006. This motivated him to consider this topic deeply, merging it
with the re-embedding theory developed by him. The author also thanks Prof. Mike Albertson and Prof. Tom Tucker who
took their interest in the results presented in this paper and encouraged the author to write it up quickly. Nevertheless, it
took the author another two years to improve proofs and to include results of the most recent work on this topic.
References
[1] W. Aishanjiang, S. Negami, K. Yamamoto, The distinguishing number of 4-regular quadrangulations on the Klein bottle, Yokohama Math. J. 55 (1)
(2009) 71–92.
[2] M.O. Albertson, K.L. Collings, Symmetry breaking in graphs, Electron. J. Combin. 3 (1996) #R18.
[3] D. Barnette, Generating the triangulations of the projective plane, J. Combin. Theory Ser. B 33 (1982) 222–230.
[4] B. Bogstad, L.J. Cowen, The distinguishing number of the hypercube, Discrete Math. 283 (2004) 29–35.
[5] T. Fukuda, S. Negami, The distinguishing number of 4-regular quadrangulations on the torus, Yokohama Math. J. 55 (1) (2009) 47–70.
[6] T. Fukuda, S. Negami, T. Tucker, 3-connected planar graphs are 2-distinguishable with few exceptions, Yokohama Math. J. 54 (2) (2008) 143–153.
[7] S.A. Lavrenchenko, Irreducible triangulations of a torus, Ukrain. Geom. Sb. (30) (1987) 52–62 (in Russian); Translation in: J. Math. Sci. 51 (5) (1990),
2537–2543.
[8] S. Lawrencenko, S. Negami, Irreducible triangulations of the Klein bottle, J. Combin. Theory Ser. B 70 (2) (1997) 265–291.
[9] A. Nakamoto, S. Negami, Full-symmetric embeddings of graphs on closed surfaces, Mem. Osaka Kyoiku Univ. Ser. III Nat. Sci. Appl. Sci. 49 (1) (2000)
1–15.
S. Negami / Discrete Mathematics 312 (2012) 973–991 991
[10] A. Nakamoto, S. Negami, T. Tanuma, Re-embedding structures of triangulations on closed surfaces, Sci. Rep. Yokohama Natl. Univ. Sec. I 44 (1997)
41–55.
[11] S. Negami, Uniqueness and faithfulness of embedding of toroidal graphs, Discrete Math. 44 (1983) 161–180.
[12] S. Negami, Uniquely and faithfully embeddable projective-planar triangulations, J. Combin. Theory Ser. B 36 (1984) 189–193.
[13] S. Negami, Classification of 6-regular Klein-bottlal graphs, Res. Rep. Inf. Sci. TIT A-96 (1984).
[14] S. Negami, Uniqueness and faithfulness of embedding of graphs into surfaces, Doctor Thesis, Tokyo Institute of Technology, 1985.
[15] S. Negami, T. Sano, The distinguising numbers of triangulations on the torus, Preprint, 2008.
[16] N. Robertson, R. Vitray, Representativity of surface embeddings, in: B. Korte, L. Lovász, H.J. Prömel, A. Schrijver (Eds.), Paths, Flows, and VLSI Layout,
Springer-Verlag, Berlin, Heidelberg, 1990.
[17] A. Russell, R. Sundaram, A note on the asymptotics and computational complexity of graph distinguishability, Electron. J. Combin. 5 (1998).
[18] A. Sasao, Panel structures of triangulations on the torus, Discrete Math. 303 (2005) 186–208.
[19] T. Sulanke, Note on the irreducible triangulations of the Klein bottle, J. Combin. Theory Ser. B 96 (2006) 964–972.
[20] S. Negami, The distinguishing number of triangulations on the projective plane, Congr. Numer. 186 (2007) 135–144.
[21] T.W. Tucker, Distinguishing maps, Electron. J. Combin. 18 (2011) #P50.
[22] R.P. Vitray, Representativity and flexibility on the projective plane, in: Graph Structure Theory, Seattle, WA, 1991, in: Contemp. Math., vol. 147, Amer.
Math. Soc., Providence, RI, 1993, pp. 341–347.
[23] H. Whitney, Congruent graphs and the connectivity of graphs, Amer. J. Math. 54 (1932) 150–168.
